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CO , Abstract. We introduce the universal functorial equivariant Lefschetz 

■ invariant for endomorphisms of finite proper G-CW-complexes, where 

' G is a discrete group. We use Ko of the category of "(^-endomorphisms 

r, . of finitely generated free iin(G, X)-modules" . We derive results about 

' fixed points of equivariant endomorphisms of cocompact proper smooth 

' G- manifolds. 

4\ 

. Introduction 

^ ^ / The Lefschetz number is a classical invariant of algebraic topology. Nu- 

merous generalizations have been studied, for example the generalized Lef- 

CN I schetz invariant [Rei36, Wec41] and the Lefschetz zeta function [FH94, GN94]. 

' An invariant which maps to all of these generalizations and still has the 

\^ i characteristic properties of the Lefschetz number, namely homotopy invari- 

lO ' ance and additivity, has been constructed by Liick [Liic99]. He defines a 

. universal functorial Lefschetz invariant (?7, u) for endomorphisms of finite 

^ \ CW-complexes. Here, ?7 is a functor which assigns an abelian group U {X, f) 

■ to each endomorphism f:X — > X. The function u assigns an element 
^ . u{X,f) S U{X,f) to the endomorphism /. 

I The aim of this article is to generalize this construction to the equivariant 

■ setting. On the one hand, this is interesting because it gives finer invariants. 
I If there is a G-action on a space, this extra information is taken into account 
' in the construction of the invariant. On the other hand, this generalization 

^ . enlarges the scope of the invariant. If we have an infinite discrete group G 

^ I acting properly on a finite G-CW-complex X, the space X seen as a CW- 

- - ' complex is infinite. This situation cannot be treated by the classical theory, 

but the equivariant version can be applied. 

For compact Lie groups G, there are equivariant versions of the gener- 
alized Lefschetz invariant and related constructions [MP02, Won91]. For 
discrete groups G, equivariant Lefschetz numbers have been defined [LL89, 
LR03], but none of the generalizations have been studied. We define an equi- 
variant version of the universal invariant, which entails equivariant versions 
of all intermediate generalizations of the Lefschetz number. 

We deal with discrete groups G and finite proper G-CW-complexes X. 
To an equivariant endomorphism f: X ^ X, we associate an abelian group 
UciX,/) and an element UG{X,f) G UciX,/). The pair {Ug,ug) is a 
functorial equivariant Lefschetz invariant, i.e., it is additive, G-homotopy 
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invariant and compatible with the induction structure in G. We show that 
it has a universal initial property: 

Theorem 0.1. The pair {Ug,ug) is the universal functorial equivariant 
Lefschetz invariant for equivariant endomorphisms of finite proper G-CW- 
complexes, for discrete groups G. 

The invariant (Ug, ug) contains much information, and the abelian group 
UG{X,f) can be quite large. We show that UG{X,f) has a direct sum 
decomposition into summands corresponding to the fixed point sets , for 
subgroups H < G. This not only gives structural insight, but is also helpful 
for concrete calculations. The information contained in mg(/) splits up into 
the information given by the restrictions of / to the pairs (X^,X>^), where 
X^^ is the subset of X^ of points with larger isotropy group than H. 

The decomposition is obtained from a i^-theoretic splitting theorem. The- 
orem 4.6. This splitting theorem is valid for all X-groups, not only for Kq. 
A more general version for endomorphisms categories of modules over cate- 
gories can be formulated and applied to the study of X-theory of endomor- 
phism categories of modules over group rings. 

The study of Lefschetz invariants was motivated by interest in fixed 
points. As an application of our general constructions, we therefore de- 
rive an invariant from {Ug,ug) extracting information about fixed points, 
the generalized equivariant Lefschetz invariant {Ag,Xg)- A trace map tiG 
which maps {Ug,ug) to (Ac, Ag-) is constructed. The use of generalized 
traces in equivariant fixed point theory already appears in [Mar 77], in the 
context of equivariant K-theoiy. 

We prove the refined equivariant Lefschetz fixed point theorem, which 
shows that the generalized equivariant Lefschetz invariant Ag(/) is equal 
to the sum of all fixed point contributions. Here, the fixed point data is 
collected in the generalized local equivariant Lefschetz class Ag'^(/). 

Theorem 0.2. Let G be a discrete group, let M be a cocompact proper 
smooth G-manifold and let f : M ^ M be a G-equivariant endomorphism 
such that Fix(/) n dM = and such that for every x € Fix(/) the determi- 
nant of the map (idT^-M —Txf) is different from zero. Then 

Ag(/) = x'SV)- 

There are further applications to the study of fixed points of equivariant 
endomorphisms of cocompact proper smooth G-manifolds. 

Based on the generalized equivariant Lefschetz invariant Ag'(/), we can 
introduce equivariant Nielsen invariants. These give lower bounds for the 
number of fixed point orbits in the G-homotopy class of /. Under mild 
hypotheses, these bounds are sharp. These results generalize results of 
Wong [Won93] to all discrete groups G. 

In the same vein, we can define G-Jiang spaces and prove a converse to 
the equivariant Lefschetz fixed point theorem. In particular, under mild 
hypotheses, a G-equivariant endomorphism / is G-homotopic to a fixed 
point free G-map if the generalized equivariant Lefschetz invariant Xcif) is 
zero. 

These applications go beyond the scope of this present article, but they 
illustrate the interest of the invariants constructed here. 
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This paper is organized as follows: 

1. The Algebraic Approach 

2. The Geometric Approach 

3. Universality 

4. Splitting Results 

5. The Generalized Equivariant Lefschetz Invariant 

6. The Refined Equivariant Lefschetz Fixed Point Theorem 

1. The Algebraic Approach 

We start with purely algebraic considerations. Given a commutative ring 
R, we define an abelian group U{R, T, (f>) for any El-category T with en- 
dofunctor (p. We proceed to show functoriality of this group in (F, cp) and 
analyze its additive properties. 

For us, the most important example of an El-category is the fundamental 
category Il{G, X) of a topological space X with an action of a discrete group 
G [Liic89, Definition 8.15]. 

Definition 1.1. An El-category is a small category F such that any en- 
domorphism in F is an isomorphism. An RT-module is a contravariant 
functor M: F ^ R-Mod. Given an endofunctor (j): T F, we define 
a (p-endomorphism of an i?F-module M to be a natural transformation 
g: M -> M o(p. 

We assemble all i;^-endomorphisms of finite free iZF-modules in the cat- 
egory (/)-endf f/jr • Morphisms from g: M — > Mo0to h: N N o (j) are 
natural transformations t: M ^ N such that hr = {(p*T)g. This is an exact 
category whose isomorphism classes of objects form a set. 

Definition 1.2. We define U{R,T,(I)) := Ko{4>-endimr)- 

Let i7: Fi ^ F2 be a covariant functor of El-categories with endofunc- 
tors (p and ip such that ^pH = Hcf). We extend the covariant functor "in- 
duction with ff" [Liic89, Definition 9.15], defined on i?Fi-modules, to (p- 
endomorphisms. 

Induction vadn and restriction res// are adjoint functors [Liic89, 9.22], so 
there are natural transformations : Id — > tqsh ind// and e : indj/ resj/ — > 
Id. We define : cp-endifjij-^ —> V-endff/jrj on objects of ^-endff/^n to 
be the composition Eres^indif ° indj/ i'es0(ry) o ind//. By the triangular iden- 
tities [Mac71, Theorem IV. 1.1] we have H^{g) = mdH{g) if (p = Id and 
^p = Id. We define H^, on morphisms r by setting H^{t) := indi/(r). The 
functor is exact and thus induces a group homomorphism U{R,H) : = 
Ko{H,): U{R,Ti,<P) ^ U{R,T2,^). 

If we have another covariant functor ii' : F2 ^ F3 to a category F3 with 
endofunctor such that i^K = Kip, we observe that H^:G^ = (HG)^. We 
know even more. 

Proposition 1.3. If H:Ti — > F2 is an equivalence of categories with en- 
dofunctors (p and ij) such that ipH = H(p, then the natural transformation 
: i;^-endffijri — > V'-6ndffijr2 is o,lso an equivalence of categories. 

Proof. We use resj/ to define a functor H* : ?/;-endff/jr2 ^ <^-endff/jr^ by 
setting H*{g) := resjj g on objects and H*{t) := resn t on morphisms. 
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This is well-defined since H is an equivalence of categories. We now use 
the triangular identities to show that the adjunction morphisms between 
indn and res// induce natural equivalences 77: Id — > H*H^ and e: H^H* — > 
Id. □ 

We obtain a universal additive invariant for the objects of (/)-endff/jr by 
taking their representatives in U {R, T,(f)). 

Definition 1.4. An additive invariant for the category 0-endff/^r-ch of (j)- 
endomorphisms of finite free iiF-chain complexes is a pair (A, a), where A 
is an abelian group and a: Ob(i;^-endffRr-ch) A,{g: C ^ C ocj)) ^ a{g) is 
a function, satisfying the following properties: 

(1) Additivity 

For a short exact sequence O^f^g^h^O, given by a 
commutative diagram with exact rows 

>C >D >E ^0 



>C o(f) yDo,p >E o(l) >o 

where C, D and E are finite free iJF-chain complexes, we have 
a{f)-a{g)+a{h)=Q. 

(2) Homotopy invariance 

Let f,g: C C o be i^F-chain maps of finite free i?F-chain 
complexes. If / and g are i?F-chain-homotopic (i.e., there is an 
h: C C o (j) oi degree +1 such that dh + hd = f — g), then 

«(/) = 

(3) Elementary chain complexes 

For a finite free i2F-module F and n > 1 we have 

a(0: el(F, n) ^ el(F, n) o 0) = 0, 

where el(-F, n) denotes the elementary chain complex concentrated 
in dimensions n and n — 1 and having n-th differential Id : F ^ F. 

Definition 1.5. An additive invariant {U,u) for (/j-endff/jr-ch is called uni- 
versal if and only if for all additive invariants {A, a) for the category (/)-endff/{r-ch 
there is exactly one group homomorphism U ^ A such that (^{u{g)) = 
a{g) for all g G (/)-endffHr-ch- 

A finite free chain complex of (/)-endomorphisms maps into U{R, F, 4>) by 
u: {■■■^gn^9n-i^---}^Enezi-m9n]&U{R,T,(l)). 

Theorem 1.6. The pair (U{R,T,(f)),u^ is the universal additive invariant 
for </>-endfKr-ch- 

Proof. Properties 1 and 3 are clear. In the proof of property 2, we proceed 
analogously to Liick [Luc99, Theorem 1.4], using the mapping cone and the 
suspension of C. If /i : C ^ C o is an i2F-chain homotopy from / to g, 
we obtain an exact sequence — > / ^ /c ^ T,g 0, where k: cone(C) 

cone(C) is given by fe„ := ^ ^^^^^ j° ^ . Additivity yields u{f) — u{g) = 

u[f) + u{Tig) = u{k). The i?F-chain complex cone(C) is contractible. We 
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finally show that for contractible C and for any / : C C o cf) we have 
u{f:C^Co(j)) = OeU{R,T,(j)). □ 

From the above proof, we can also conclude the following lemma. 

Lemma 1.7. Let f : C ^ Cocj) andg: D Docf) be (p-endomorphisms of fi- 
nite free RT -chain complexes. Ifh: C ^ D is a chain homotopy equivalence 
such that gh = {(f)* h) f , then u{f) = u[g) in U {R, T, (j)). 

Proof. We have a short exact sequence 0^(7— >A;^S/— >0, where 
kn = 7il"r/ g„ ) • know that cone(/i) is contractible if and only if 
/i is a chain homotopy equivalence. So u[h) = € U{R,T,(j)), whence 
u{g)=u{f). □ 

If i? is a commutative ring which is not the zero ring, a finite free i?-module 
has a well-defined rank. One sees that the invariant {U {R, T, (j)),u) incorpo- 
rates the Euler characteristic. For a finite free i^F-chain complex C, the Eu- 
ler characteristic is defined to be ^(C) := Tkjir{[D]) = J2nezi~'^)"' ''^^ii^n]) G 
U{T) := ^jgpZ [Liic89, Chapter 10]. There is a natural transformation 
s : U (r) U{R, F, (p) mapping an element of U{T) to the class of the 0-map 
on the corresponding free module. We have s(x(C)) = n(0: C — > C o 0). 

Lemma 1.8. Let v: C ^ D and f : C ^ C o (p be RT-chain maps, where 
C and D are finite free RT-chain complexes. Then 

u{f o v) + s{x{D)) = u{<P*v o /) + s{x{C)). 

Proof We have ( J ) ( ° ) = ( **7^ l) [l l). Since the 

matrices with 1 on the diagonal are isomorphisms, we obtain from additivity 
fo!;))='"f('^V^ o)) - Again from additivity we derive 



/ f ov 



f fov JJ-'^\\ f 

u{f ov) +u{0: D ^ (p*D) = u 



u{(l)*vo f) + u{Q: C ^ (P*C) = n(( ^'7^ Dj. □ 

2. The Geometric Approach 

Let G be a discrete group. Let G-CW{p be the category of finite proper 
G-CW-complexes. Let End(G-CWfp) be the category of G-equivariant en- 
domorphisms of finite proper G-CW-complexes. 

Given a commutative ring R, a finite proper G-CW-complex X and a 
G-equivariant cellular endomorphism f:X X, we want to introduce 
an abelian group UQ{X,f) and an invariant UQ{X,f) S UQ{X,f). (The 
assumption that f : X ^ X is cellular can finally be dropped because of 
homotopy invar iance.) 

In the non-equivariant case [Liic99], the construction uses the universal 
covering space X of the CW-complex X. Choosing a basepoint x, the funda- 
mental group 7ri(X, x) acts on X. One can lift / : X ^ X to a (/)-equivariant 
map /: X ^ X, where cp '■= o T^iif , x) : 7Ti{X,x) — > Tri{X,x) for a chosen 
path w from f{x) to x. We generalize this non-equivariant construction to 
G-CW-complexes. 
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The natural generalization of the fundamental group is the fundamen- 
tal category Il(G,X) [Liic89, Definition 8.15]. Objects in the fundamental 
category Il{G,X) are G-maps x: G/H X for H < G, morphisms are 
pairs (a, [w]) : x{H) — > y{K) consisting of a G-map a: G/H G/K and a 
homotopy class \w\ relative G/H x dl of G-maps w: G/H x I ^ X with 
wi = X and wq = yoa. This construction is functorial in X (by composition 
of maps), in particular the G-equivariant endomorphism f : X ^ X induces 
an endofunctor (j) := n(G, /) : U{G, X) n(G, X). 

There is the contravariant universal covering functor X : n(G, X) CW 
at hand [LiicSQ, Definition 8.22, Proposition 8.33], generalizing the uni- 
versal covering space. It maps x € Il{G,X) to X^{x) and (cr, [it;]) G 

Moi{x{H),y{K)) to the map X^{y) —i- X^{x) induced by composition of 
morphisms. Here X^{x) denotes the connected component of the fixed point 
set X^ containing the point x{lH), for an object x: G/H X of n(G, X). 
Composing the universal covering functor X with the cellular chain complex 
functor G'^: CW — > R-Ch one obtains the cellular i2n(G, X)-chain complex 

C%X) as a contravariant functor C^oX: n(G, X) ^ CW ^ R-Ch [LiicSO, 
Definition 8.37]. The functor G'^ o X is a finite free i2n(G, X)-chain com- 
plex [LiicSO, 9.18]. The map f : X ^ X induces a (/>-endomorphism C^{f) 
of the cellular i?n(G, X)-chain complex o X. 

Definition 2.1. We set U§{X,f) := U {R,n{G, X), ^) . We define the ele- 
ment u§{X, f) G U§iX, f) to be u{G%f)) G U{R, n(G, X), </>) = U§{X, /). 

Let {X, f) and {Y, g) be finite proper G-CW-complexes with G-equivariant 
cellular endomorphisms / and g. Let h: X ^ Y he a G-equivariant cel- 
lular map such that gh = hf. Composition with h induces a functor 
H := n(G, /i) : n(G, X) — > n(G, y) between the fundamental categories. 
Setting (j) := n(G, /) and tp := Il{G,g), we have ipH = H(j). We obtain 
U§{h) := Ko{H^): U§{XJ) U§(Y,g), a group homomorphism. So U§ 
is a functor from End(G-CH^fp) to Ab. 

Lemma 2.2. If h: {X,f) {Y,g) is a G-equivariant cellular map between 
finite proper G-CW-complexes with endomorphisms such that gh = hf, then 
h induces a map C'^{h) from n(G, /i)=kG'^(/) to C^i/Jj). 

Idea of proof. We use adjointness of induction and restriction and the tri- 
angular identities. □ 

Let X be an if-CW-complex with ff-equivariant endomorphism / : X — > 
X and let a : -ff ^ G be a group homomorphism. Then ind^ X := G x^ X 
is a G-CW-complex. It is proper if X is proper. The map ind^ : X = H x^ 

X G xh X = inda X induces a map n(indQ,) of the fundamental cate- 

gories. We obtain a group homomorphism a* := KQ{Il{mda)*)'- U^{X,f) —>■ 
Ug{mdaX,mdaf). 

We defined the invariant {Uq{X, f),UQ{X, /)) because it has certain good 
properties. It is a functorial equivariant Lefschetz invariant, the equivariant 
generalization of a functorial Lefschetz invariant [Liic99, Definition 2.3]. 
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Definition 2.3. A functorial equivariant Lefschetz invariant on the family 
of categories G-CWfp of finite proper G-CW-complexes for discrete groups 
G is a pair (B, 6) tliat consists of 

• A family Q of functors 

Gg : End(G-CVFfp) ^ Ab 

which is compatible with the induction structure, i.e., for an inclu- 
sion a: G ^ K there is a group homomorphism Q{a) : 0g'(X, /) 
ei^(ind„X,ind„/) for every (XJ) G End(G-CTyfp). We want the 
equation 0(a)0G(/i) = 0A'(indQ /i)0(a) to hold for any morphism 
h: iXJ)^iY,g). 
. A family 9 of functions % : {X, f) ^ /) G OciX, /). 

such that the following holds: 

(1) Additivity 

For a G-pushout with i2 a G-cofibration 

(Xo,/o)^(Xi,/i) 

{X2,f2)^^{X,f) 

we obtain in Qg{X, f) that 
OaiX, f) = QaijiWoiXi, h) + 9^02)^0(^2, /2) - 6^00)^0(^0, /o)- 

(2) G-Homotopy invariance 

If ho, hi: {X,f) {Y,g) are two G-maps that are G-homotopic in 
End(G-Cmp), then 

(3) Invariance under G-homotopy equivalence 

If h: {X,f) — i- {Y,g) is a morphism in End(G-CTyfp) such that 
h: X ^ Y is a G-homotopy equivalence, then 

QcW-.eGixj) ^ eG{Y,g) 

edXJ) ^ OGiY,g). 

(4) Normalization: We have 6lG(0,id0) = € 60(0, id0). 

(5) If a : G — > if is an inclusion of groups, then 

a^OciX, f) = 6'A'(inda X, ind^ /) G Qxi^nda X, ind^ /). 

A natural transformation r: {Q,0) (^,0 of functorial equivariant Lef- 
schetz invariants is a family of natural transformations tg '■ ©g ~^ '^G of 
functors from End(G-CWfp) to Ab for discrete groups G that preserves all 
structure. 

Proposition 2.4. The invariant {U§{XJ),u§{XJ)) is a functorial equi- 
variant Lefschetz invariant on the family of categories G-CWfp of finite 
proper G-CW- complexes for discrete groups G. 
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Proof. 1. Additivity: From [Luc89, Lemma 13.7] one knows that for the 
corresponding G-pushout of G-CW-complexes we obtain a based exact se- 
quence of i?n(G, X)-chain complexes 

Sl^Ilt^ C^^X) ^ 0, 



where jo*, ji* and j2* denote induction with jo) Ji and j2 respectively. By 
Lemma 2.2 we obtain a short exact sequence — > jo*C"^(/o) ^ Ji*C"^(/i) © 
32*C^{f2) C'^{f) —f 0. We conclude using the additive properties of the 
algebraic invariant. 

2. G-Homotopy invariance: Let H : X x I ^ Y he a G-equivariant ho- 
motopy between /iq and hi. We want to show that UQ{h()) = UQ{hi). We 
know that U{G,ho) = n{G,H) o U{G,io) and that U{G,hi) = U{G,H) o 
n(G, ii), so it suffices to prove that i('o(n(G, io)*(5)) = KQ{I[{G,ii)^:{g)) 
for all g € (/)-endff^n(G.x) • There is a natural equivalence t: indn(G,jo) 
indn(G,n) induced by the paths Vx from ii o x to io o x given by the map 
X X {1 — id/) : G/H x / — > X x / at every object x of n(G, X). It induces an 
isomorphism Il{G,io)*{g) — > n(G, ii)*((7) which implies the desired equal- 
ity. 

3. Invariance under G-homotopy equivalence: If h: {X,f) (X,g) S 
End(G-CVFfp) such that h: X — > 1" is a G-homotopy equivalence, then 
n(G, /i) is an equivalence of categories. By Proposition 1.3 the induced 
functor n(G, /i)* : </'-endff/jn(G,x) ~^ V'-6ndff/jn(G,y) is an equivalence of cat- 
egories. Thus we know that Ucih) := Ko(n(G, /i)^,) is a bijection. We need 
to show that ug{X, f) maps to UG{Y,g) under this map. 

By Lemma 2.2, h induces a map G'^{h) from n(G, /i)*G'^(/) to C^ijj). 
This map is an i?n(G, X)-chain homotopy equivalence. By Lemma 1.7 we 
conclude u(n(G, /i)*G'^(/)) = u{C^(g)), and the claim follows. 

4. Normalization: We have id-endff/j0 = {pt} and KQ{{pt\) = {0}. 

5. Let a: G K he. an inclusion of groups. We want to show that 
a^uciX, f) = Ui<'(indQ, X, indo, /). By definition we have a^udX, f) = 

u(n(indQ,)*G'^(/)) and UK{mda X,mda f) = u{C'^{mda f)). There is a 

natural equivalence T: indn(inda)* ~^ indaX of n(Er, inda X)-spaces. 

We check that inda /T = (■0*r)n(indQ,)*/. We can now apply the cellu- 
lar chain complex functor C to obtain a natural equivalence which maps 

n(indQ,)*G'^(/) to G'^(indQ, /) and induces the desired equality. □ 



3. Universality 

Now we show that the invariant {Uq,Uq) has a universal initial property 
among all functorial equivariant Lefschetz invariants. 

Definition 3.1. A functorial equivariant Lefschetz invariant {Ug,ug) is 
called universal if for any functorial equivariant Lefschetz invariant (Gg? ^g) 
there is precisely one family of natural transformations tg '■ Ug — > ©g such 
that TGixj) - Ug{XJ) ^ Qg{XJ) sends ug{XJ) to ^g(^,/) for any 
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object {X,f) in End(G-CWfp), for any discrete group G, and such that the 
equahty tk °U{a) = <d{a) o tq holds for inclusions a: G ^ K. 

The goal of this section is the proof of Theorem 0.1. 

Theorem 0.1. The pair {Uq,Uq) is the universal functorial equivariant 
Lefschetz invariant on the family of categories End(G-CWfp) for discrete 
groups G. 

The proof is in analogy to Liick [Liic99, Section 4], of which it is the 
equivariant generalization. Before starting, we introduce notation. 

Let X be a G-space. A retractive G-space Y over X is a triple Y = (Y, i, r) 
which consists of a G-space Y, a G-cofibration i: X ^ Y and a G-map 
r: Y ^ X satisfying r o i = idx- Given a retractive G-space Y over X, we 
define retractive G-spaces Y Xx [0, 1] and GxY to be the pushouts 

Xx[0,l] ^^^^X Yx{l} — >X 



ixid 



incl 



Yx[0,l] XX [0,1] 1" XX [0,1] yCxY, 

where [0, 1] is endowed with the trivial G-action. The inclusions of X into 
Y Xx [0, 1] and into CxY are the right vertical maps, the retractions Y xx 
[0, 1] ^ X and r: CxY X are induced by the retraction r: y ^ X by 
the pushout property. 

Define the retractive G-space T,xY to be the pushout of two copies of the 
inclusion i: Y ^ CxY induced by y x {0} — > y x [0, 1]. The retraction is 
induced by r by the pushout property. The composition i o i: X — > CxY 
is a G-homotopy equivalence relative X with the retraction of CxY onto X 
as G-homotopy inverse relative X. 

Given two retractive spaces Y and Z over X and a G-endomorphism 
f: X ^ X, define [{CxY,Y), {CxZ, Z)]^ to be the set of G-homotopy 
classes relative X of maps of pairs {g,g): {CxY,Y) (CxZ,Z) that in- 
duce the given endomorphism / on X, i.e., such that giy = izf- 

We define the Zn(G, X)-chain complex G^(y, X) by 

C'{Y,X) := coker(G^(X) ^ resn(G,,) mY)). 

We call a retractive G-space Y over X a d- extension if Y is obtained 
from X by attaching finitely many cells in dimension d. If y is a d-extension 
of X and d >2, then we have the short exact sequence 

^ C%X) ^ resn(G,,) C%Y) ^ C%Y,X) ^ 0, 

where C^{X) and resn(G,iY) C'^{Y) are finite free Zn(G, X)-chain complexes 
equipped with the cellular equivalence class of bases [LiicSO, Definition 13.3 
and Example 9.18]. Since the above sequence is based split exact, C'^{Y,X) 
is a chain complex concentrated in degree d, and G^(y, X) is a finite free 
Zn(G, X)-module with an equivalence class of bases given by the cells of 
Y\X [LiicSD, Example 9.18]. 
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If y is a d-extension of X and d > 2, then n(G, iy ) : U{G, X) U{G, Y) 
is an equivalence of categories with inverse n(G, ry). This implies that 
resn(G,iy) C'^{Y) is a finite free Zn(G, X)-module. 

For any map g: y — > Z of d-extensions of X {d > 2) such that giy = izf 
we obtain a lift g: resn(G,iy) ^ ~^ ^^sn{G,iz) uniquely determined by the 
fact that it induces / on X. We have CypjC^i^) = {4>*C^{iz))C^(f) and 
therefore an induced map C%g,f): C%Y,X) C%Z,X) o of U{G,X)- 
chain complexes. This leads to a bridge between geometry and algebra, in 
analogy to Liick [Liic99, Lemma 4.2]. 

Lemma 3.2. Let Y and Z be d-extensions of the G-space X with d > 2. 
Then there is a bijective map 

r,:[{CxY,Y),{CxZ,Z)f^ ^ Mot^u(g,x){C2{Y , X),G2{Z , X) o cf) 

[{g,g)] ^ Gi{gJ). 

Proof. Choose a G-pushout 

d-l U«e^''^ 



(1) 



-^X 



Define a G-map pi: G/Hi y. S'^ ^ Y hy setting Pilc/z/.xsd 
Pi\G/HixS'^ := r o Qj. Then we can see GxY as the pushout 



Qi and 



-^Y 



^CxY. 



Analogously to Liick [Liic99, Lemma 4.2], we obtain an isomorphism 
^i■.[{GxY,Y),{GxZ,Z)f^ ^ \[^d{Z^^{f{x,)),xH^{f{x,))J{x,)) 



is/ 



^ Mor^uiG,x){C'd{y,X),CiiZ,X) 

Under this isomorphism, 
[ig,g)] ^ {[goQ,{lHi,-)Joq,{lHi,-)])^^j 



{g,f){Q^{lH,,[D'']),qi{m,[S'']) 



{G'Mf)ix^)) 



i&I 



Proof of Theorem 0.1. We have already shown that the pair {Uq,Uq) is a 
functorial equivariant Lefschetz invariant. It remains to prove universality. 
For every functorial equivariant Lefschetz invariant (6g)^g) we need to 
find a natural transformation tq: Uq @g such that UQ{X,f) maps to 
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OciX,/) for all {X,f) in End(G-CWfp), for discrete groups G, and such 
that tk o U{a) = G(q) o tq for inclusions a: G ^ K. 

We define r by translating the algebraic data encoded by Uq back into 
geometric information using Lemma 3.2. We proceed in eight steps. We 
omit details which are completely analogous to [Luc99, Section 4]. 

Step 1: For any d-extension y of X, with d > 1, we define 

TY:[{CxY,Y),{CxY,Y)fj ^ Qg{XJ) 

[{9,9)] ^ eG(Toi)-ieG(T)(^G(5)). 

The maps g and g are only defined up to G-homotopy (relative X), but 
because of the G-homotopy invariance of {Qg-, Gg) this does not play a role. 

Step 2: We define a map r^: U^iXJ) QciXJ) for d > 2. Let 
[a: M ^ M o ^] e U^{X,f). We have M ^ 0.^^ Zn(G, X)(?, Xi) with 
{xi-. G/Hi ^ X) e OhU{G,X) [Liic89, p. 167] since M is a finite free 
Zn(G,X)-module. Set qi := Xi o pr^/i^. : G/Hi x S'^-^ X and define Y 
to be the pushout defined by the maps qi as in diagram 1. 

Take an isomorphism c: M ^ ^■^jZU{G,X){?,Xi) A G2{Y,X). Set- 
ting [{g,g)] := r]-^ {(p* cac'^) we have [a] = [<p*cac-'^] = [??([?, 5])] = [C^(5,7)] = 
[{-ifG'igJ)]. We define rrf([a]) := (-1)-^ (ry ([(5, g)]) - and use G- 

homotopy invariance to show that this is independent of the choices made. 

Step 3: We check that is compatible with the additivity relation using 
the union of G-spaces over X: For a split short exact sequence ^ ai — >■ 
a ^ a2 ^ we have [oq] + [ai] = [a], and putting Y := Yq Ux Yi we can 
calculate that rrf([ao]) + Td{[ai]) = Td{[a\). 

Step 4: The map Td is independent of the integer d > 2. Namely, let 
[a] G Uq{X, f) and let {Y, g) be a d-extension of X such that [a] = [G^(^, /)]. 
In order to show that Td([a]) = Trf+i([a]), we describe a suspension map 

^x:[{CxY,Y),{CxZ,Z)f^ ^ [{CxT.xY,^xY),{CxT.xZ,T.xZ)f^ 

[{9,9)] ^ [i^x9,^x9)]- 
in analogy to Liick [Liic99, Section 4], with T,x9 '■= 9^g 9- We have 

Td(H) = (-l)'^(Ty ([(5,5)]) -%(/)) 
and Td+iiia]) = (r^^y ([(S^^, Sxff)]) - ^g(/)) • 

We obtain the desired equality by calculating that 

Tj:,Y{[{f^9,^x9)])-0G{f) = -{TYm9)])-0G{f)). 

Step 5: We show that r is a natural transformation from Uq to Qg- Let 
h: Xi — > X2 be a G-equivariant map between spaces with endomorphisms 
/i and /2 respectively such that = hfi. Let [a] E Uq{Xi, fi), and let 
Yi be a d-extension (d > 2) of Xi with endomorphism 51 extending /i, 
i-e., ^ilxi = /i, such that [G^{gi, fi)] = [a]. Define (12,52) as the pushout 

of (Yi,5i) ^ {Xi,fi) (X2,/2). The map C2{g2,f2) can be used as a 
representative of C/J(/i)([a]). This is shown using the fact that n(G, ii) and 
n(G, «2) are equivalences of categories, Proposition 1.3 and additivity. 
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Step 6: The natural transformation r: Uq Qq rnaps UQ{X,f) E 
U^iXJ) to eciXJ) G eciXJ). For a finite G-CW-complex X with 

endomorphism /, let Yn be the pushout of Xn < " ^ ^n-i ^> where all 
arrows are canonical inclusions. There is a canonical retraction r„ : 1^ ^ X 
induced by the inclusions of Xn-i, Xn and X into X. Defining : — > 
as the restriction of / to X^ , one obtains an endomorphism Qn- Yn ^ Yn ss 
dn = fn U/„_i /. Additivity and application of Ocl^'n) yields 

QG{rn)eG{gn) = &G{in)OG{fn)+eG{f) " GG(in-l)^G(/n-l). 

Summing up, we obtain 

dim(X) 

J2 {QG{rn)0G{9n) " %(/)) = %(/) G eG(X,/). 
n=0 

The analogous equation holds for {Uq,Uq). If n > 2, we have 

[C%gn, /)] = [resn(G,„) C%gn)] - [C'{f)] = UB{rn)ul{gn) - ul{f) 
because n(G, i„) is an equivalence of categories. We conclude that 
rGixj){ul{rn)ul{gn)-ul{f)) = rG(x,/) 7)]) 

= {eG{inin)-^QG{in)eG{gn) " 
= QG{rn)eG{gn)-eG{f). 

The last equation follows because we have strict commutativity rnQn = f'f'n- 
Summing up, we obtain TG{x,f){uGif)) = ^gIJ)- 

If n G {0, 1}, we use the suspension of Yn to get into the range d > 2. 

Step 7: We have to show that tk o U{a) = 0(a) o tg for any inclusion 
a: G ^ K. By definition of the natural transformation r and of U{a) and 
using the notation established above, this is equivalent to 

(-l)'^(e/f (ind„ i o indo z)"^ei^ (inda i) (ind„ g)) - Bxiinda /)) 

= Q{a){{-lf{QGCi°i)-^QGCi){OG{g))-OG{f))). 

The retractive space constructions commute with induction. Since is a 
family of functors on End(G-CVFfp) for discrete groups G which is compatible 
with the induction structure, we have 0(a)0G(/i) = 0_ft"(indQ /i)0(a). So 

0(a)((-l)'^(0G(ioi)-i0G(?)(0G(5)) 

= (-l)'^(0K(h5rioind„i)-i0i^(h5ri)0(a)(^G(5)) -0(a)0G(/)). 

Since (0, 0) is a functorial equivariant Lefschetz invariant, the equation 
Q{a){9G{g)) = ^_ft'(inda(7) and the analogous equation for / hold, so we 
are finished. 

Step 8: The natural transformation r is uniquely determined. Any ele- 
ment [a] in Uq{X, f) can be realized by a d-extension Y for d > 2 as 

[a] = [C'Mf)] 

= i-lfiU^ilo ^)~^ o U^(i){ul{g)) - ulif)) , 

and by TG{xj){'^^{f)) = Gcif) and functoriality it follows that 

rGixj){[a]) = {-lf{@G(ioz)-^oQG{l){eG{g))-eGif)). ° 
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4. Splitting Results 

In this section, we derive a direct sum decomposition of the abelian group 
Uq{X, f), making it more accessible to computations. 

For subgroups H < G, the fixed point sets := {x £ X \ hx = 
X for all h € H} and the restrictions := f\xn '■ ~^ come into 
play. The Weyl group WH := NqH/H acts on X" . We show in Theo- 
rem 4.6 that the group Uq{X, f) splits up into summands corresponding to 
the fixed point sets X^ for (H) € consub(G), the set of conjugacy classes 
of subgroups of G. 

Let X^^ := {x G X^ \ Gx 7^ H}, where Gx denotes the isotropy group 
of X, and f^^ := f\x>H- We also show that the element UQ{X,f) maps 
to the elements given by the relative maps {f^,f^^)- We even have a 
finer decomposition corresponding to the orbits of connected components of 
XH\x>H under 

We now start analyzing U^{X, f) := i^o(<^-endffRr) for T = Il{G, X) and 
(j) = n(G, /). We restrict ourselves to this geometric case for simplicity. The 
results hold for more general El-categories T with endofunctors 4> [Web05]. 

A partial ordering on the objects of any El-category F is given hy x < y 4^ 
Morr(x, y) 7^ 0. For an object x : G/H — > X of n(G, X), we define the type 
tp(a::) to be (H) € consub(G). The partial ordering on Il{G,X) becomes a 
partial ordering according to the type of x and the connected component of 
WH\X" which x maps into. On consub(G), we obtain the partial ordering 
given by {H) < {K) ^ Mor{G/H,G/K) ^ 0. The endofunctor cj) respects 
the partial ordering on n(G, X) since it is given by composition with /. 

We work with (/>-endomorphisms g: M ^ M o(f) oi finite free -RF-modules 
M. Every finite free iJF- module is isomorphic to one which is of the form 
©beB with B a finite set and 13: B ^ ObF a map. 

Lemma 4.1. Let g : 0,^^ i?F(?, /3(6)) ^ 0,^^ i?F(?, o Then for 
bo G B we have 

<7(i?F(?,/3(6o)))C i2F(?,/3(6))o0. 

Proof. Let bo G Bi, and let v G RT{7,p{bo)). The following dia gram com- 
mutes (because g is a natural transformation): 

i?F(?,/5(5o)) >(BbeBRr{H'^),m) 

We know that RT{(j){f3{bo)), Pib)) = unless (A(/3(feo)) < (3{b). But 60 G Bi 
implies P{bo) G Wi and thus also (j)(^/3{bo)) G Wi, so (/)(/3(6o)) < P{b) is only 
possible if P{b) G Wj for j > i. So RT{^{p{bo)) , P{b)) = if b <^ Bj for all 
j > i. The map (^(u))* respects the direct sum decomposition because it is 
just precomposition with (l){v), and thus g7{v) = ))* ((7^(^g)(id^(;,g))) is 
nonzero only in components with b G Bj for j > i. So (ji? (iiF(?, /3(6o))) C 
®j>i ©fee-Bj ((/>(?), for all 60 ^ -^i, which implies the statement. □ 
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Set Mh ■■= e . with i?r(?, m)- Then M ^ e(H)gconsub(G) Mr- 

tp{/3(6)) = {H) 

Corollary 4.2. ^(Mh) C ®(^k)>{H) o 

Analogous results hold for maps h: M ^ M' of finite free i?r-modules. 

We denote by Vh the full subcategory of T containing all objects x of 
type {H). We set := 4>\th '■ — ^ ^H- The inclusion map zh'- — ^ T 
is a map of categories with endofunctors, (jyin = iH4>H- 

We now define functors S and that induce the desired splitting. 

Definition 4.3. We define the extension functor Eh by 
Eh ■= iH*- (pH-endimra ^ <A-endffijr- 

This generalizes the extension functor [Liic89, Definition 9.28]. 

We set ShM := resru Mh- map g: M M o cp does not change 
the type, so it induces a map qh'- Mh Mh o (p. We define Snig) '■= 
resr^ gn '■ ShM ShM o cpn- For a morphism h: M ^ M' with g'h = 
{(j)*h)g we set Snh := resr^ hn'- ShM — > ShM' . It is easily checked that 
SH{g')SHh = {<p*HSHh)SHig). 

Definition 4.4. We define the splitting functor Sh by 

Sh- (/>-endffijr ^ (l>H-end{fRrH^9 ^ resr^ gn- 

This is a variation of the splitting functor Sx [Liic89, Definition 9.26], 
for objects x of type (H) we have res^; Sh = Sx- The functors Sh and Eh 
preserve split exact sequences, so they induce maps on the level of K-theory. 

We are mostly interested in Kq since that is where our invariant lives. 
But we can treat all higher ET-groups since 0-endff/jr is an exact category. 
So we let K stand for any Kn, n G Z, and define the splitting functors for 
all algebraic X-groups simultaneously. We obtain 

K{Sh)- K{(j)-endf{jir) K{cl)H-endi{RrH) 
K{Eh): K{(t)H-(iridiiRTu) K((/)-endffijr)- 

Let another G-CW-complex X' with equivariant endomorphism /' be 
given and set V := U{G,X') and ip := U{G,f'): T' T'. A G-equivariant 
map I: X —>■ X' satisfying /'/ = If induces a functor L := n(G, I) : Il{G, X) — > 
Il{G,X') such that cpL = Lcj)' and which preserves the type. For every 
H < G, the functor L induces a functor Lh* '■ (pH-^^daRrn ~^ 'Ph'^^^hrt^'u- 

Definition 4.5. We define a functor 

Split K: End(G-CWfp) ^ Ab 

(XJ) ^ Ki^H-endtmr^) 

(H)Gconsub{G) 

{l:{XJ)^{X',f')) ^ KiLn.). 

(H)econsub{G) 

To have compatible notation, we define K : End(G-CVFfp) — > Ab by {X, f) 
K{P-endimr), {l: {XJ) ^ {X'J')) ^ K{L,). 

For finite subsets / C consub(G), set Sj := W(^h)&i ^ h) ■ The map 
colim7Cconsub(G) Si'. K{4)-endiiRv) ^ ©(//)econsub(G) -^^l^H-endf^r^) induces 
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a natural transformation S: K ^ Split iT. (Naturality can be checked di- 
rectly, it also follows from the proof of Theorem 4.6.) The functors Eh com- 
bine to form a natural transformation E : Split K ^ K. Similar to [Liic89, 
Theorem 9.34], we prove the following theorem. 

Theorem 4.6. We have inverse pairs of natural equivalences E and S be- 
tween the functors 

K and Split J^: End(G-CWfp) ^ Ah. 

I.e., if X is a finite proper G-CW-complex with equivariant endomorphism 
f: X ^ X, andifV = n(G, X) and (p = U{G, f), then 

i^((/)-endffRr) = ^ ir(0H-endfKrH)) 

(/i')Gconsub{G) 

where the isomorphism is given by S with inverse E and is natural in {X, f) . 

Proof. We have S oE = colim/ Sj o colim/ Ej = colim7(S'/ o Ej) and EoS = 
colim/(£'/ o Si). Hence it suffices to show for any finite / C consub(G) that 
Sj o Ej = Id and Ej o Sj = Id hold. 

1) We show that Sj o Ej = Id. 

We have Sj o Ej = ®(H)<^i^i^HEH)- Thus we need to show that 
K{ShEh) = Id for all {H) G /. We know that ShEh- HRTh ^ HRTh 
is naturally equivalent to the identity [Luc89, Lemma 9.31]. Going through 
the definitions, it is easily checked that this natural equivalence extends to 
a natural equivalence on (/)//-endff/jrj^ • 

2) We show that EjoSi = Id. 

The proof proceeds inductively over the cardinality of /. The beginning 
/ = is trivial. In the induction step, choose {H) maximal in / and write 
I' = I \ {(//)}. Since we are working with finite free modules, we can 
restrict ourselves to modules of the form M = ^^^^ Kr(7 , (3{b)) . Setting 
Ml' := 0(/f)g// Mfc, we have a split short exact sequence 

0^ Mh M ^ Mr ^ 0. 

Since {H) is maximal, by Lemma 4.1 we know that gincfj = inc/f gn- We 
obtain an induced map gji := pJ^Miiocf, 9\mj, on Mji. So 

^ gn ^ 9 ^ gr ^ 

is a short exact sequence in the sense of Definition 1.4. 

We call Tp C F the full subcategory of T with objects in lJ(_ft')G/' and 
set (pi' := (j)\rp- The module Mj/ can be restricted to the full subcategory 
Tj'. Analogously, induction with the inclusion F// C F allows us to view an 
i2F//-module N as an i?F-module. We extend these assignments to functors 

G: (p-endiiRT ^ '/'/'-endf^r^, , g ^ resr^, gi',h^ resr^, (pr^^/^ h\Mj,) 

F := (inclr^,)*: (/)/'-endffijr^, ^ (p-endfmr 

We have FG{g) = gr and GF = Id. We have EnSnig) = gu- The above 
sequence induces a cofibration sequence of functors on (/)-endffRr 

^ EhSh ^ Id ^ FG ^ 0. 
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By the additivity theorem [Qui73, p. 103-106], we obtain 
K{Eh)K{Sh) + K{F)K{G) = Id . 

The following diagram commutes on the outside because of this equation 
and on the top because of the induction hypothesis Ef o Sp = Id. 



K{!jij,-cndfiRT J, ) ffi -R'(0ff-ondffj,r^) 



K{G)fSK{SH) 




ifRVj, ) ffi -f(0ff-cndfffjr^ ) 



s 



K{ij)-cndifRT) 



-> K(4>-cndifRr). 



The right triangle commutes if {K{F) © K{Eh)) o {Er © Id) = E, i.e., if 
K{F) o {®^K)&vK{{Er)K)) © K{Eh) = ®^k)&iK{Ek). This is obviously 
true: The {Ep)k on the left land in (pp-endffRTjt , and the functor F pushes 
them forward to (p-endffur where the Ek on the right hand side land. 

The left triangle commutes if © Id) o {K{G) © K{Sh)) = S, 

i.e., if UiK)ei'^iiSi')K o G) © KiSn) = UiH)^!^^^^)- This is easily 
seen: For (A') € /', we have Sr ° G{g) = ^^(resrj, (prjy,/^,^^ ^Im^, )) = 
resr^((resr^,(prjv^^,„^5|M^,))A:) = resr^ 5/^ = Sk{9)- So the left triangle 
also commutes. We conclude that the bottom triangle commutes and thus 
that Ej o Sj = Id. Therefore E and S are inverse isomorphisms. 

It remains to show naturality. An equivariant map / : {Xi, fi) — > {X2, f2) 
induces functors L := n(G, ^),,: (/ji-endff/jri '/'2-endff/jr2 and := 
II{G,1\xh)^: (piH-endimFiH ^ <^2_f/-endffRr2H for all (H) e consub(G). We 
have SE ^ Id and E{®^h)Lh) = LE, so SLE ^ SE{®^h)Lh) = ®{h)Lh 
and the following diagram commutes: 



A:((/)i-endff/jri) 



®{H) '/'i/f-endffRrij 



Since ES = Id, this implies SK{Lt, 
so S" is a natural transformation. 



K{L,) 



K{(j)2-eTLdiiRY2) 



> ®(H) </'2H-endffi?r2 



SK{L,)ES 



}(^h)K{Lh)*)S, and 
□ 



We can split the groups Ao((/)//-endff/jrj^ ) up even further, according to 
the VFiif-orbits of connected components G C and the action of / on 
these. We have to distinguish 2 cases: 

1) A certain iterate of / sends G into WH ■ G. 

2) No iterate of / sends G into WH ■ G. 

In case 1, we say that G is recurring, and we call 1{G) := min{n > 
1 I /"(C) C WH-G} the length of C. We denote by Tc the full subcategory 
of r with objects isomorphic to /*(x) : G/H —>■ P{G), for x: G/H ^ G and 
< i < I — 1. We call the set of recurring components T. 

In case 2, we say that G is transient. We call ht{G) := min{n G N | f"'{G) C 
WH ■ G' with G' G T} the height of G. We denote by Tc the full subcate- 
gory of objects isomorphic to x: G/H G. (This corresponds to the orbit 
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WH ■ C .) Every component C has finite height since we are dealing with 
finite proper G-CW- complexes X. Recurring components have height 0. 
We choose a set C of representatives, i.e., of connected components C C 
such that Ob(r) = Ecec Ob(rc). 

Theorem 4.7. There is an isomorphism of abelian groups 
K{^H-endftiirJ= K{^c-endftjirc) ® K{ffRTc). 

C&C recurrent CgC transient 

Proof. We define a functor 

A : (j)c-end{mrc ® -f^' f f ^^c ^ (pn-endfmrH 

CaC recurrent CsC transient 

by induction with the inclusion of the relevant subcategories, inserting the 
0-map if there is no endomorphism given. Analogously, we define 

B : (/)H-endffijra ^ </'c-endffijrc © -^^ f f R^c 

CdiC recurrent CgC transient 

by the corresponding restriction. We proceed as in the proof of Theorem 4.6 
to show that A and B are equivalences of categories inverse to each other. 

The idea is to split off the transient components, starting from the top. 
If the largest appearing height is k, we call Vk the full subcategory of Th 
consisting of objects x lying in connected components of height /c, and we 
call r<fc the full subcategory consisting of those with smaller height. The 
inclusion of these subcategories induces induction and restriction maps ind^, 
resfc, ind<fc and res<fc. In the induction step, the decisive point is that we 
have a split short exact sequence 

> ind<fc res<fc M > M > indfc resfc M )■ 



(incl<fc), res<fc(g) 
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> (ind<fc resind<fc M) o cj) = M o cf) > > 

to which we apply the additivity theorem. We leave the details to the 
reader. □ 

Having established this result, we next replace the groupoids Vq by corre- 
sponding groups. This is analogous to the transition from the fundamental 
groupoid of a topological space to its fundamental group. Assuming X con- 
nected, we choose a basepoint x ^ X and look at the fundamental group 
with respect to this basepoint. 

In order for the endomorphism f : X ^ X to induce an endomorphism 
(j): vri(X, x) — > ■Ki{X, x), we also need to choose a path v from x to f{x). We 
define cj) := o 7ri(/), where is the conjugation map : iri{X, f{x)) — > 
Tri{X,x),^ 1-^ v^v^^. Here composition is written from left to right, as is 
usual for composition of paths. Choosing a path v from x to f{x) corre- 
sponds to choosing a morphism w = {a, [v]) £ Mor(/(x),x). 

For transient components C, we choose an object x: G/H — > C in Tc- 
This is identified with the point x{lH) S C. We obtain an equivalence of 
categories Aut(j;) Fc, where the group Aut(x) is viewed as a category. 
The choice of x does not play a role, we can use induction and restriction with 
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this equivalence of categories to identify the groups obtained from different 
choices. 

Now we look at recurrent components C. If / := 1{C) is the length of C, 
choosing a point x £ C gives a sequence f{x) S /(C), . . . , /'(x) € f\C). 
There is an element g S WH such that gf\C) C C. We choose a path v 
from X to gf\C). We know that an element 5 € W^// uniquely determines 
a map Ug-. G/H G/H,g'H ^ g'gH [tD79, Proposition 1.14]. We set 
uu = {(Jg, [v]) G yiov{(fi {x) , x) . For 7 G Aut((/)'(2;)), we set 0^(7) := w^w~^ G 
Aut(a;). We obtain a group homomorphism 

</)^,^: Aut(0'-^(x)) '^'^"'''^'"''"") Aut(0'(x)) ^ Aut(x). 

The collection $ := (0|Aut(x), • • • 1 </'lAut(<^'-2(x))> 'Ax,^;) is an endomorphism 
of the disjoint union Ul=oAut(</>*(x)) which on every component is a group 
homomorphism to the next. 

We define a category '&-endff^uAut(</>'(a;))- ^n object is a pair of sequences 
((Mj)o<i<i_i, (5'j)o<i<«-i)- Here is a finite free Aut(0*(x))-module. 
For < i < Z - 1, the map gi: Mi -> M^+i o (/>|Aut(0'(x)) is a c/'lAutC^^Cx))- 
morphism. For i = l — l the map : Mi_i MQO(f)x,w is a ^^^^^^.-morphism. 
A morphism /i: (-Mj)o<j</_i — > (Mj')o<j</_i between these modules is a se- 
quence {ho, . . . , hi-i) of maps hi: Mi ^ M- such that all resulting diagrams 
commute. 

Theorem 4.8. There is an equivalence of categories 

(/>c-endffijrc ^-^'^dfmuAut{<f,i{x))- 

The proof is quite technical, but not very insightful. We state the basic 
idea and refer the reader to [Web05] for details. 

Idea of proof . We use induction and restriction with the inclusion of cate- 
gories n'~o Aut((/>*(x)) Pc to define /a;,^ : '^-endfmuAut{<p-{x)) ^ </'c-endffijr, 
and Rx,w ■ </'c-endff/jrc ~^ ^'^''^^HRUAut(<f>'{x))- We use the canonical isomor- 
phism res^-i res^i(3,) Mq = res^ Mq in the definition of Rx,w and its inverse 
in the definition of Ix,w, alongside with the functors 77: Id ^ resind and 
e: resind Id as in Section 1. 

We then show that Ix,w and Rx,w are equivalences of categories inverse to 
each other, by using the triangular identities to show that the appropriate 
diagrams commute. □ 

We combine the results of this section in the following statement. 

Theorem 4.9. Let G be a discrete group, let X be a finite proper G- 
CW-complex and let f : X ^ X be a G-equivariant endomorphism. Let 
(Uq{X, f),UQ{X, /)) be the universal functorial Lefschetz invariant of{X, /). 
For all H < G and G G Ch, the set of representatives of connected compo- 
nents of X^ , we choose xc'- G/H — > C. If G is recurrent of length I, we 
also choose an element gc G WH such that f\G) G gcG and path vq from 
xc to gcfKxc). 
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Then there is an isomorphism 



C: U^iXJ) ^ 0(0 Ko(^c-endff^,uAut(^H-c))) 

Ko{UZAnt{xc)) 



{_fi')Gconsub(G) C-eC^ 

recurrent 



C&Ch 

transient 



{_H')Gconsub(G) C&Cr 

where for C recurrent (leaving out the modules) we have 

'"g(^> f)xc = {^''if\x"{xc)''f^X>H{xc)^' ■ ■ ■ 

C"'(5cVlxff(/i-i(xc))'^C'Vlx>«(/i-i(xc)))) 

and for C transient we have 

uBiXJ),^ = [c'{X^{xc),X>^{xc)) 

Proof. The existence of the isomorphism ^ was estabhshed in Theorems 4.6 
and 4.8. It remains to identify the image of Uq{X, /). 

On the modules, C is given by res^^ S^c = Sx- There is a natural isomor- 
phism SxiC'iX)) ^ C''{X^{x),X>^{x)) of ZAut(2;)-chain complexes for 
{x: G/H ^ X) e Ob(n(G,X)) [Liic89, Lemma 9.32]. This gives the result 
for transient C. 

For recurrent C, the modules are 

M, = reSf.^,^.^Sra{C%X))^C%X^{f\xc)),X>^{f\xc))). 
For < i < I — 2, the morphisms are 

The canonical isomorphism used in Theorem 4.8 is geometrically the one 
induced by multiplication with g^^ , 

C^ig^'): C%X^{f{xc)),X>^{f{xc)))^C'^{X^{xc),X>^{xc)). 
So gi_i = C"'(5'cVlxH(/i-i(^p)),5'cVlx>ff(/i-i{a;c)))- '-' 

5. The Generalized Equivariant Lefschetz Invariant 

In this section we develop a generalized equivariant Lefschetz invari- 
ant (Ag'(X, /), Ag(/)) as the image of the universal functorial equivari- 
ant Lefschetz invariant /), ^^(X, /)) under a convenient trace map 
trg(xj). It is an equivariant analog of the generalized Lefschetz invari- 
ant [Rei36, Wec41] and a refinement of the equivariant Lefschetz class [LR03, 
Definition 3.6]. 

We start by defining the group Ag'(X, /) that will be the target group 
of trc(x,/)- We are interested in fixed point information, so only in ob- 
jects {x: G/H ^ X) G n(G,X) with X^{f{x)) = X^{x). The splitting 
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obtained in Theorem 4.9 can be written as 

Ug{X^ /) - Ko{(t)x,w-endiiRAut{x)) © other terms. 

-eisn(G,x), 

We design Ag(X, /) in the same way. For objects x G Obn(G, X) with 
{f{x)) = (x), we always find morphisms w = (id, [v]) G Mor(/(a;), x), 
and we restrict our attention to morphisms of that form. 

Definition 5.1. For x € OhU{G,X) with X^{f{x)) = X^{x) and a mor- 
phism w = (id, [vx]) € Mor(/(x), rr), set 

Ztti{x"{x),x) :=Z7ri(X^(x),x)/</>,,^(7)a7-i - a, 

where a € 7ri{X^ {x),x), 7 € Aut(2;) and (t)x,w{l) = w4>{'^)w^^ € Aut(a;). 

We have (/)x,io (7)07"^ € 'Ki{X^ {x),x) for all 7 € Aut(2;) anda € 7ri(X^(3;), x) 
because the map (j)x,w does not change the M^i^^^-part of the morphism 7 
and 7ri(X^(x), x) is normal. 

We can move from one basepoint to another in the following way: For a 
morphism (cr, [t]) G Morn(G,X) 

{x{H),y{K)), where X^{f{x)) = X^{x) and 
X^{f{y)) = X^{y), we choose morphisms Wx = (id, [v^]) € Mor(/(x),x) 
and = (id, [vy]) G Mor(/(y),y) and set 

(a,[t]);^,^^:Z7ri(X^(y),y) ^ Zvn (X^(x), x) 

" Vy.wy 'rx,mx 

a ^ ?;^./(t-i)a*(^;-i)a*(a)t. 

One easily checks that this map is well-defined. The next lemma shows 
that the map (a, does not depend on the choice of (a, [t]) £ Mor(x, y). 

Lemma 5.2. For a G 7ri(X-^(y), y)^^ ^ we have 

= (r, e z^i(x^(x),x)^, ^^^ 

/or a// morphisms (fj, [t]), (r, [s]) G Mor(x,?/). 
Proof. For all 7 = (fj-y, [u^]) G Aut(x), we have 
{^At])ly,wxi'^) = Vxf{j)vx^{cT,{t])*^^^^^{a)-f-^ 

= Vxcr^^* f {V'yt~^)a^^* a* {vy^)a^^* a* {a)a^^* (tv^^) . 
Setting cj^ = T~^a and = {T~^a)*{s"^)t, we obtain 

i^, my,n,M = Vxf{s-^)T*{vy')T*{a)s = (t, [s])^^ ,^^{a) . n 

We can use these maps to change the morphism w and the base point x, 
so the definition is independent of the choices of x and w. We write {a, [t])* 
from now on. 

Definition 5.3. 

Ag(X,/):= Z^i(X^(x),x)^,_^. 

seisn(G,x), 

xH(f(xy)=xH(x) 
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A trace map from /^o(0x,t«-endfpZAut{x)) to Z7ri(X^(x), will now 

be defined. (The index fp stands for finitely generated projective modules.) 
Aut(x) is a group extension 1 — > 7ri(X^(x),x) — > Aut(2;) — > WH^ — > 1, 
where WHx < WH is the subgroup fixing [x). There is a commutative 
diagram 

1 ¥-Ki{X"{x),x) s^Aut(x) >WH:,, >l 

-I' -X- ~, 
1 )--Ki{X^{x),x) ^Aut(x) >WHx 5-1. 

We combine the trace maps Ivrg'- RG R->Ylig^G''''9 ' 9 ^ [LR03, 1.1 
and 1.2], applied to the P^i^a^-part, and tr^^^ ,^1,) : Zvr Zvr^, X^^g^^ ' 1 ^ 
^^g^ -7 [Liic99, 3.6], applied to the 7ri(X^(x), x)-part. 

We formulate the definition of the trace map independently of the concrete 
group Aut(2;) which is given to us geometrically. 

Definition 5.4. Let vr and W be discrete groups, and let G be a group 
extension l^vr— 1. Let an endomorphism (j): G ^ G be given 
that restricts to an endomorphism i/itt : vr ^ vr and becomes trivial when the 
normal subgroup vr < G is divided out. For i? be a commutative associative 
ring with unit, define i?7r^' := Rtt / ^, where (^(7)07 ~ a for a G vr and 
7 G G. 

Let (j)-end{pf(G denote the category of 0-twisted endomorphisms of finitely 
generated projective i?G- modules. We define the trace map 

tTRG ■ Ob((?;>-endfpRG) ^ ^^r^' 

as follows: On RG, we set tr/jc : RG R'n'tj,' ,J2geG^g ' 9 ^ YlgGn'^g ' 9, 
where ~: vr — > ir^i^g 1— > 'g denotes the projection. Given a twisted endo- 
morphism u: P ^ reSfjj P of a finitely generated projective i?G-module, 
we choose a finitely generated projective i?G-module Q and an isomor- 
phism v: P (B Q — > ©jg/ RG for a finite indexing set /. Then we have a 

(^-twisted endomorphism cj)*{v)o[u(BO)ov~^ : 0jg/ -RG — > res^ ^0^^^^ i?G^ , 

to which a matrix A = {aij)ij,zj is associated. We define 

tTRGiu) := y^^tiRGiau) e R'n-ff)'- 

Note that a G vr implies that cj){'y)aj~^ G vr since pT^r{(|){-^)a^~^) = 
idiy (pr^ (7) ) pr 54/(0;) pr 14/(7"-'^) = I^k, so iivr,^' is well defined. As usual, the 
definition of the trace map is independent of the choices involved. This trace 
map has properties generalizing [LR03, Lemma 1.3]: 

Lemma 5.5. Let G be a discrete group extension l^vr^G— >1^— >1 
with endomorphism (f): G ^ G which restricts to vr and such that (pw = idvy ■ 

(1) Let u: P ^ Q and v: Q ^ res^P be RG-maps of finitely generated 
projective RG-modules. Then tr/jG(w o n) = tr/jc' (res^ (u) o v). 
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(2) Let Pi, P2 he finitely generated projective RG-modules. Given a 4>- 

twisted endomorphism A = { ] : Pi® P2 ^ Pi® P2 we 

V ^21 U22 J 

have ivRciA) = iiRGiuu) + iTRG{u22)- 

(3) Let ui,U2: P res^ P be (p-twisted endomorphisms of a finitely 
generated projective RG-module P and let ri,r2 € R. Then 

trijG(ri • ui + r2 • U2) = n trRciui) + r2 trRG{u2). 

(4) Let a: G ^ K be a homomorphism of discrete group extensions 
with endomorphisms as in Definition 5.4 with aw injective, lying in 
a commutative diagram 

1 ^vr >G >W ^1 

1 > K'l > K > K2 > 1. 

Let u: P ^ res0Q P be a (pc-twisted endomorphism of a finitely 
generated projective RG-module P. Then induction with a yields 
a (pK -twisted endomorphism a^u of a finitely generated projective 
RK -module and 

ti RK{a:,u) = a'^ ii rg{u), 

where a'^: Rtt^'^ — > R{Ki)^i^ is induced by a-,^. 

(5) Let a: H ^ G be an inclusion of discrete group extensions with 
endomorphisms as in Definition 5.4 with finite index [G : H], lying 
in a commutative diagram 

1 > vr y H > H2 > 1 

1 > vr > G y w y 1. 

Let u: P ^ reS(^g P be a cpc-twisted endomorphism of a finitely gen- 
erated projective RG-module P. Then the restriction to RH with a 
yields a cpn-twisted endomorphism a*u of a finitely generated pro- 
jective RH -module and 

\d^iTRH{a*u) = [G : H]- trRciu), 

where id* : R'^(j,'^ — -Rtt^/ denotes the projection. 

(6) Let the subgroup H < G be finite such that \H\ is invertible in R. Let 
u: R[G/H] TeS(f)R[G/H] be a (p-twisted endomorphism that sends 
IH to YlgHeG/H''~gH ■ gH. Then R[G/H] is a finitely generated 
projective RG-module and trRciu) = \H\~^ J^gew^gH ' 9 ^ -Rvr^'. In 

particular, tr^jc (idij[G//f]) = l^^l"^ ' (Egeyr 1 -d) ^ RT^<t>'- 

Proof. Check (1) by calculation, using the fact that for g,g' ^ G we have 
gg' & U ^ 4>{9')9 ^ Assertions (2) and (3) are clear by definition, 
and (4) and (5) are again checked by calculation. In (6), we are given 

u:lH^ Y^gHeG/H^gH ■ 9H = I^T^ (E^gg ^9^^ " 9)H- So tiRG{u) = 
\H\'^t'^RG(EgeG'^gH-9) = \H\~^ EgeTr^gH -9- □ 
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By assertions 1 and 2 of Lemma 5.5, the trace map tiRc is compatible 
with the relations defining JCo(^-endfpi^G)- So we can use its value on any 
representative and define 

tTRG-. Ko{(l)-endfpjiG) Rt^4>', [u] ^ irRG{u). 

Remark 5.6. The trace map iiRG can be seen as a variation of a trace map 
between /^-theory and Hochschild homology with coefficients in the bimod- 
ule = RG{(j)(7),7?). There is a trace map tr(^x^HH)' K{RG; M^) 
HH{RG-M^). One has HHo{RG;M^) ^ RG^, where we define RG^ := 
RG / ~ /3 for 7, /3 E G. We have an inclusion Rtt — > RG of group 
rings. This inclusion is respected by the G-action given by twisted conju- 
gation since /? G vr implies pr^y ((/)(7)/37"^) = p^^ij) ■ 1 ■ pr^y(7"^) = 1, so 
4>{l)f^l~^ G TT for all 7 G G. It induces an inclusion R-n^i — > RG^ as a direct 
summand. Denoting the restriction to this summand by r^r, one can check 
that t^RG = r^o tT(K^HH)Q- 

We could now return to our original setting, but we keep the more general 
formulation to make a few observations that will be useful later on. 

Let G be a discrete group extension with endomorphism (j) and let {X, A) 
be a finite proper relative G-CW-complex. Let i? be a commutative ring 
such that the order of the isotropy group \Gx\ is invertible in R for every 
X G X\A. Then the cellular i?G-chain-complex C^{X, A) is finite projective. 
Let (/, /o) : {X, A) — > {X, A) be a (/)-twisted cellular endomorphism. This 
induces G'^{f, fo) : G^{X, A) res,^ G'^(X, ^4), a (/)-twisted endomorphism of 
the cellular chain complex. 

Definition 5.7. With notation as above, we define the refined equivariant 
Lefschetz number of (/, fo) to be 

L^'^'ifJo) ■■= Y,{-irtrRG{C;if,fo)) G Rtt^'- 

p>0 

This generalizes the orbifold Lefschetz number [LR03, Definition 1.4]. 
Writing [G^(/,/o)] := Ep>o(-l)^ /o)] € Ko{cP-endipRG), this defini- 

tion becomes L«^(/, fo) := tvRG{[G'{f, fo)]) G Rtt^'- 

We also have a refinement of the incidence number [LR03, 1.8]. 

Definition 5.8. Let G be a discrete group extension with endomorphism (p, 
let {X, A) be a finite proper relative G-CW-complex, let e G Ip{X, A) be a p- 
cell and let (/, fo) ■ {X, A) — > {X, A) be a (/)-twisted cellular endomorphism. 
We define the refined incidence number inc<^(/, e) G Zvr^/ for a p-cell e G 
Ip{X,A) to be the "degree" of the composition 

e/de^ V ^/de' ^Xp/Xp_,^Xp/Xj,_,^ \J 7/de' 

e'G/p(X,A) e'eIp(X,A) 

> TT ■ e/oe — > vr^' • e/oe. 

We have inC(^(/, e) = mC(j,{f,ge) for all g G G, this is ensured by us- 
ing Rn^pf. We have the equation inc<^(/, e) = Yla&w^^^i'^'^ f^^) ' where 
the incidence number [LR03, 1.8] appears on the right hand side. 
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Let e € Ip{X, A) be a p-cell. Then C^{X, A)f, is the chain complex con- 
centrated in degree p with Cp{X,A)e = R[G/Ge]- If 

C^if, fo)\e= Yl • gGe : R[G/Ge] ^ res^ i?[G/Ge] , 

then inc0(/, e) = Ylgew '''gGe ' 9^ assertion 5 of Lemma 5.5 we have 

trijG(Cp(/,/o)|e) = IGeT^^rgG, -9 = |Ger^mc<^(/,e). 

gen 

This observation helps us prove the following result. 

Lemma 5.9. Let G be a discrete group extension with endomorphism (j). 
Let {X,A) be a finite proper relative G-CW-complex. Let R be a commu- 
tative ring such that the order of the isotropy group \Gx\ is invertible in R 
for every x & X \ A. Let (/, /o): {X,A) — > {X,A) be a (j)-twisted cellular 
endomorphism. Then 

L^'^'ifJo) = ^(-1)" E \Ger'-inc4f,e) G Rn^. 

p>0 G-eeG\Ip{X,A) 

Proof. We calculate 

L'^^'ifJo) = E i^RG{C;{f,fo)\e) 

p>0 G-e£G\Ip(X,A) 

= E(-l)' E |Ger^-inc^(/,e). □ 

p>0 G-eGG\Ip{X,A) 

We now return to the original setting. For any x in n(G, X) for which 
X^{f{x)) = X^{x), the group Aut(x) is a discrete group extension 1 —i- 
Tri{X^ {x),x) Aut(x) WHx — 1 with endomorphism (f)x^w which re- 
stricts to 'Ki{X^{x),x) as {(t^x,w)-K-^[xH {x),x) — o 7ri(/^(x), x) and such 
that {(l)x,w)w = idl4^H, : WLI^ -> WH-x- We set 

ti'GCX,/)^. := trzAut(x) : Ko{(j)x,w-end{pZAut(x)) ^ (-'^^(^)' ^)</,^ ^• 

This definition is independent of the choice of the element x € x and the 
morphism w. The reason is that on the domain as well as on the target 
space we use morphisms to pass from one choice to another and that these 
constructions are compatible with the trace map. 

Definition 5.10. Let G be a discrete group, X a finite proper G-CW- 
complex and / : X ^ X a G-equivariant endomorphism. We define 

trG(^J) •= toG(x,/), eO: U^iXJ) ^ AciXJ). 

xeis n(G,x), 

The groups Ag{X, f) combine to form a family of functors we want. 

Lemma 5.11. The groups Ag(X, /) are naturally endowed with the struc- 
ture of a family of functors Aq from End(G-CWfp) to Ab, for discrete groups 
G, which is compatible with the induction structure. 
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Proof. Let / : {X, f) — > (Y, g) be a G-equivariant map between G-CW- 
complexes with endomorphisms. The map / induces a functor n(G, /) and 
a group homomorphism (.^ '■= n(G, OlAut(x') '■ Aut(x) — > Aut(Z(x)) for every 
X € n(G, X). We have a map ^jj^h^^) ~ ^i(^lv^(x)> ^) which induces 

a map (4), : Z7ri(X^(x), x),^. ^ Z7ri(y^(Z(x)), . We set 



2^ ^^5-5 ^ ^ 



^ rg-g ^ 'rg-T^l{l\xH(x)^x){9)- 



These maps combine to define Ag(/) : Ag(A, /) — > AG(y, 5). 

Given an inclusion a: G ^ K, the map a|7ri(v^(x),x)^, induces a map 

a'^ : Z7ri(X-'^(x), j;)^/^ ^ Z7ri((indQ, X)-'^(indQ, x), inda x)^^^. We set A(a)a; = 
a'^ and obtain a* = A(a) : Ag'(X, /) — > AA'(indQ, X, ind^ /). So A is also 
compatible with the induction structure. □ 

The maps tr^^js^ j) respect all structure. 

Proposition 5.12. The collection of maps trc(x,/) ^-^ cl natural transfor- 
mation of families of functors from End(G-CVFfp) to Ab, for discrete groups 
G. 

Proof. Let I : {X, f) (y, g) be a G-equivariant map between G-CW- 
complexes with endomorphisms. Then := n(G, ^)|Aut(x) • Aut(x) — > 
Aut(a(x)) lies in the commutative diagram 

1 >Tii[X^{x),x) S^Aut(j;) >WH^ s> 1 

1 ^7ri(y^(/(x)),/(x)) >Aut(/(x)) >WHi(^) >i. 

The map Ix '■ WH^ — > WHk^^) is an inclusion since the elements in WH 
which fix the connected component X^{x) also fix the connected compo- 
nent Y^{l{x)), by equivariance and continuity of /. We apply Lemma 5.5, 
assertion 4 to obtain for all u £ </'2;,w-endfpZAut(a,') 

trzAut(«(x))(4)*H = (4)*trzAut(x)(^^)- 

Taking all induction maps Kq{{£x)*) : Uq{X, f)^ Uq{Y, g)j^ together 

gives U^{1) = Ko{U{G,l)^): U^{X,f) U^iY,g). Combining the above 
equation for all x G Isn(G, X), we arrive at 

trG(v,g) °Uq{1){u) = Ag{1) o tVG(X,f){u) 

for all u S Uq{X, /). So the trace map tvQf^xj) is a natural transformation 
of functors from End(G-CM^fp) to Ab. 

It remains to show compatibility with the induction structure. Given 
an inclusion a: G — > K, the functor n(indQ): Il{G,X) Il{K,mdaX) 
induces a group homomorphism q,, : UQ{X,f) U^{mda X,mda f). Let 
x: G/H ^ X he given with X^{f{x)) = X^{x). We set WgH := NgH/H 
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and WkH = NkH/H. The map a: G ^ K \s injective, and so WqH 
WkH is injective. If an element of WqH fixes the component X^[x), 
then its image fixes {m.da X)^ (inda x) . This imphes that a\NGH ■ NqH — > 
NkH is injective. So Il{mda)\wGH^- WgH^ W^x^^ind„(x), induced by 
n(inda)|Aut(x), is also injective. 

We apply assertion 4 of Lemma 5.5 to obtain tvzK o^u = a'^tvzGU 
for u E (/)G-endfp/jG , where the map a\^^(^xH(x),x)^, induces the homomor- 

phism a'^^: 'IjTTi{X^ {x),x)fp'^ Z7ri((indQ, X)^(indQ, x), inda x),^/^. Since 
A{a)x is defined to be a'^, these combine to form the map : Ag{X, f) — > 
A^(indQ, X, inda /) such that the desired equation tTK{mdaX,mda f) — 
a* ^^Gixj) holds on U^{X, /). □ 

Now we define the invariant which contains the fixed point information 
we are interested in. 

Definition 5.13. Let G be a discrete group, let X be a finite proper G- 
CW-complex, and let / : X ^ X he a G-equivariant cellular endomorphism. 
We define the generalized equivariant Lefschetz invariant of / by 

Ag(/) ■.= tvGixj){ul{X,f)) e AciXJ). 

By Proposition 5.12, the collection of the t^Gixj) is a natural transfor- 
mation from (U^jU^) to (A, A). The pair (A, A) inherits all structure from 
(C/^, u^): It is also a functorial equivariant Lefschetz invariant on the family 
of categories G-CW{p for discrete groups G. 

Theorem 5.14. The pair (A, A) is a functorial equivariant Lefschetz invari- 
ant on the family of categories G-CW{p for discrete groups G. 

Proof. The natural transformation trg-^x,/) • UQ{X,f) AQ{X,f) maps 
UQ{X,f) to XG{X,f). So (Ag(X, /), Ag(^, /)) is a functorial equivariant 
Lefschetz invariant. □ 

It therefore has all properties stated in Definition 2.3. Since we can define 
the universal functorial equivariant Lefschetz invariant for any G-equivariant 
continuous map /: X ^ X, the same is true for the generalized equivariant 
Lefschetz invariant. 

We can describe the invariant Xcif) in a more concrete way. We see 

that trG(x,/)(^|(^,/)) = E -.i.n(G,x), We 
can use Z because Aut(x) operates freely on X^{x) \ X>^{x). 

Remark 5.15. One can obtain any functorial equivariant Lefschetz invari- 
ant by applying a suitable natural transformation to {Uq,Uq). For example, 
the equivariant analog of the Lefschetz number is the equivariant Lefschetz 
class [LR03, Definition 3.6]. The natural transformation mapping the uni- 
versal functorial equivariant Lefschetz invariant to the equivariant Lefschetz 
class is given by the trace map tT^G{x,f) followed by an augmentation map 
SG{x,f) induced by the projection 7ri{X^ {x), x)^'_^ — > {1}, just like in the 
non-equivariant case. 
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6. The Refined Equivariant Lefschetz Fixed Point Theorem 

In this section, we introduce the generahzed local equivariant Lefschetz 
class y^Q'{f) in terms of fixed point data. It is a refinement of the local equi- 
variant Lefschetz class [LR03, Definition 4.6]. We prove Theorem 0.2 which 
states that Xcif) = ^c'^if) under quite general conditions. So A'(^'^(/) gives 
a concrete geometric description of the fixed point information contained 
in Ag(/). 

We briefly assemble the necessary notation. For a space X with action 
of a discrete group G, we set U^{X) := ®xeisU{G x)'^- ^ t)e a finite 
group. The Burnside ring A{K) of K is defined to be the Grothendieck ring 
of finite -ftT-sets S with the additive structure induced by disjoint union and 
the multiplicative structure induced by the Cartesian product. Additively, 
A{K) = U^{Y>i) := e(H)econsub(i.)^- 

Let Z be a finite i^-CW-complex and let "0 : Z ^ Zhea, i^-equivariant en- 
domorphism. Then the equivariant Lefschetz class with values in the Burn- 
side ring of if) is defined to be 

A^^(^) := • [K/H] G A{K) = U^{*). 

{H)econsuh{K) 

We call the injective ring homomorphism 

ch^^: AiK) ^ Z,S^ {|5''|}(H)econsub(K) 

{H)£consuh{K) 

the character map. Let F be a finite-dimensional /('-representation and let 
iIj : ^ he a X-endomorphism of the one-point compactification V^. 
Define the equivariant degree of tp to be 

Deg^(V) := {A'^W - l) (A^(idvO " l) e A{K) = [/^(*). 

Let G be a discrete group, X a G-space and f : X ^ X an equivariant 
endomorphism. Let x X he a fixed point of /. We define 

AcixJ): U^'iG/G,) ^ AciXJ) 

1-[t: G/L^G/G^] ^ T^-Ixot: G/L^ X], 

with. IxoT ^ '^'^i(X^(x o t),x o t)j,' . Choosing z = X o T : G/ L —y X as 
a fixed representative of the isomorphism class, this is 

Ag{x, /) : U^{G/Gx) ^ Ag{X, /), 1 • [t: G/L ^ G/G^] ^ cw ■ N, 

where = (o", [t])^^cst(lxor) = vf(t-^)a*{lxoT)t = vf{t-^)t for an iso- 

morphism (o", [t]) € Mor(z, X o t) and w = (id, \v]) € Mor(/(z), z). 

Definition 6.1. Let G be a discrete group, let M be a cocompact smooth 
proper G-manifold and let /: M ^ M be a G-equivariant endomorphism 
such that Fix(/) n dM = and such that for every x € Fix(/) the deter- 
minant of the map {idx^M —Txf) is different from zero. Then G \ Fix(/) is 
finite. We define the generalized local equivariant Lefschetz class to be 

>^G%f) ■■= E AG(x,/)oindG.cG(Deg^^((idT.M-T../r)). 

GxGG\Fix(/) 
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Definition 6.2. We define the character map cliG{X,f) by 
j/Gisn(G,x) 



a 



a y Aut{y)'(CT,[t])G a 

Aut{y)\Mor{i/,x) 

This character map is a generalization of [LR03, Definition 5.1]. 
Lemma 6.3. The character map chG(X, /) is injective. 

Proof. Let u = Yli=i"-i ^ ^G{X,f), where Oi G Ag(X, /)^^, with 
chG'(X, = 0. Let the Xi be ordered in accordance with the partial 
ordering on Il{G,X) given hy x <y <^ Mov{x,y) ^ 0, so Xi < Xj ^ i < j. 
Suppose without loss of generality that ^ 0. If dadX, f){'Xi)x]^ 7^ 0, 
then Mor(xfc,Xj) / 0, which implies Xk < Xi and thus Xk = Xi. Since 
chciX, f){ak ■'Xk)xj: = o-k-, we obtain = ch*^(X, /)(«) = a/c, a contradic- 
tion. □ 

We now calculate the value of ch.G{X,f) on the generalized equivari- 
ant Lefschetz invariant Xcif) on the generalized local Lefschetz class 
A[j^(/), in analogy to [LR03, Lemma 5.4 and Lemma 5.9]. Using Theo- 
rem 6.6, these values will turn out to be equal, proving Theorem 0.2. 

Lemma 6.4. Let f : X ^ X he a G-equivariant endomorphism of a fi- 
nite proper G-CW-complex X. Let y he an isomorphism class of ohjects 
y: G/K ^ X inU{G,X). Then 

chciX, f) {Xcif))- = (/^)) . 

Proof. We first consider the case X^{f{y)) = X^{y). We write the p- 
skeleton Xp as a pushout and call Xp^ji G/Hi — > X for < i < rip the 
centers of the equivariant p-cells. 

The G-CW-structure on X induces an Aut(y)-CW-structure on X^{y). 
We obtain a pushout diagram of Aut(y)-spaces 

UriiMor(y,Xp,0 x S^-' 

i i 

UZi Mor(y, xp^,) x > 

(If p— 1 < 1, we use the cover corresponding to tti{X^ {y),y).) We denote the 

p-cells of X^{y) by e(^„^ytY),P,i '■= ('^i W) ^ where {a,[t]) G Mor(y,Xp,i). 
The Aut(?/)-orbit of the cell e(o-jt]),p,j corresponds to the Aut(j/)-orbit of 
(fj, [t]), so we conclude from Lemma 5.9 that 

rip 

= ^i-'^TYl Yl |Aut(i/)(<,,[t])|"^ •inc<^^_„(/^(y),e(^,[j]),p,i). 

p>0 i=l Aut(y).(<T,[t])e 
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Analogously, we have for any x: G/H X a, pushout diagram 

USi Mor(i,ip,i) X gP-i » X"{x),'^X>»(x) 

i i 

U"^,Mor(x,Xp,,) X DP > XH{x)p[JX>H{x). 

Lemma 5.9 yields 

rip 

^ZAut{.) ^ inc^^^^^^^ (/^.), e,,) , 

for (t, [s]) G Mor(x,Xp.j) any morphism. Inserting this formula into the 
definition of chG(^, /) (Ag(/))^ proves the claim. 

Now we consider the case that X^{f{y)) ^ X^{y). This implies that 
X^{f{x)) / X^{x) for all x with Mor(y,x) / 0, so XcUh = for all x 
with Mor(y, x) / 0. Therefore chG(X, f)l\G{f))y = 0. □ 

Lemma 6.5. Let G he a discrete group and let M he a cocompact smooth 
proper G-manifold. Let f : M ^ M he a smooth G-equivariant map. Sup- 
pose that Fix(/) n dM = and that for any x G Fix(/) the determinant 
det(idTj;Af —Txf) is different from zero. Then the set G\Fix{f) is finite. Let 
y: G/K ^ M he an ohject in U{G,M). Then the set WKy \ Fix(/|^K(j^)) 
is finite and we get 

Yl \(WKy)^\-^ deg(^{idT^MK (y)-Txif\MK(y))yya^, 

WKyxG 



where ax = vf{t ^)t € 7ri{X ^ (y),y)^i for {(7,[t]) G Mor(y,x) and w = 
(id, H) €Mor(/(y),y). 

Proof. The set G\Fix(/) is finite since M is cocompact and the fixed points 
are isolated. Analogously, G \ GM^{y) = WKy \ M^{y) is compact with 
isolated fixed points, so WKy \ Fix(/|j^jA'(y)) is finite. Let x: G/Gx — M 
be a fixed point of /. 

We first show that for each u G U^'^{*) we have 

chG(M,/)-AG(x,/)indG.cG(n)=J^|Aut(y)(,,[t])|-'(a, [t])*TIch^-(n)(^^) 

Ant{y)-{a,[t])e 
AMt{y)\MoT{y ,x) 

where Ix G Z7ri(X'^- (x), . Here (iT^) = {g~'^Kg^) G consub(G2;) for 

a : G/K G/Gx,gK ^ gg^Gx- Let u = [Gx/L] G be a basis 

element and pr: G/L ^ G/Gx the projection. Then 

chG(M,/)^AG(x,/)indG.cG([G'./L]) ^ \kni{y)^,^^t^)\~\T,[t]rT^, 

Aut(i/)-{T,[t])e 

Aut(y)\Mor(y , j^opr) 

where Ixopv G Z7ri(X^(x o pr), x o pr)^^^^^^^,. 
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Defining q : Mor(y, x o pr) — > Mor(y, x), (r, [t]) (pr or, [t]) we have 
Mor(y,xopr) = ]J g'^cr, [t]) = ]J Aut(y) XAut{y)(,,[ij) 



(<T,[t])S Aut{.,)-(a,[t])6 
Mor(T/,a;) Aut(y)\Mor(i/, j^) 



The Aut(y)(^jf])-set q ^{a, [t]) = Uiei{a,[t]) ^'^^{y)ia,[t])/^i ^ ^"i*^ disjoint 
union of orbits, thus we have a bijection of Aut(y)-sets 

Mor(y,xopr)= ]J ]J Aut(y)/Ai. 

Aut{i/).(<T,[t])e ie/(cr,[t]) 
Aut{y)\Mor{i/,x) 



We know for (r, [t]) G Mor(y, xopr) that (r, [t])*la;opr = vf{t"^)t = (pr or, [t])*!^;. 
An orbit AvX{y)/Ai corresponds to exactly one orbit Aut(y) • (r, [t]), where 
i G /(pror, [t]), so | Aut(y)(^jt]) | = \Ai\, hence 

3Aut(y)(,,[i])|"\r,[t])*i;;^= J] J]|^,|-i(a,[t])*T;. 

Aut(y)-(T,[i])G Aut(i/)-(a,[i])e 2G7(a,[£]) 

Aut(y)\Mor(y,xopr) Aut(y)\Mor(y 

We have |g~^((T, = | Aut(y)(„jt]) | • Y.i(ii{a\t])\M~^ ■ Since g does not 
change the [t]-part, as in [LR03, Lemma 5.9, Equation 5.14] we have |(/~^(cj, \t\)\ - 

Inserting these equations into the above formula, we obtain the desired 
equation for ah [Gx/L] G U^^{*), thus for all u G U^''{*). 
We know [LR03, Equations 5.16 and 5.17] 

ch^^(Deg^-((idT.M-T./)^))(^=ydeg((id^^^^M-(,) -T,^.(/|mK(,)))^) . 

We have UG\Fix{/) Aut(y) \ Mor(y,x) ^ WKy \ Fix(/|^.^x(y)) . Under this 
bijection, Aut(y)-(cj, [t]) ^ WKy-t{iS), where t(0) = xoo-(li^) = x{g„Gx) = 
g„x{lGx) = g^x for a: G/K G/G^^gK ^ ggaG^. Since | Aut(y)(<^ji]) | = 

inserting the above results into the formula for chG'(M, /) (A^'^(/))_ 
yields the claim. □ 

The final ingredient in the proof of the Theorem 0.2 is a refinement of the 
orbifold Lefschetz fixed point theorem [LR03, Theorem 2.1]. 

Theorem 6.6. Let G be a discrete group extension l^ir^G^W^l 
with endomorphism (p: G ^ G such that (pw = idvK- Let M he a connected 
simply connected cocompact proper G-manifold such that vr operates freely on 
M, and let f : M ^ M be a smooth (f)-twisted map. Denote by f: M ^ M 
the W-equivariant map induced on the manifold M := tt\M by dividing out 
the TT-action. Suppose that Fix(/) fi dM = and that for every x G Fix(/) 
the determinant of the map (id^^^;^ —Txf) is different from zero. Then W \ 
Fix(/) is finite, and 

L^'^if) = E l^-l"' • deg((id^,i7 -TJT) ■ c^- 
w-xew\Fix(f) 

Here {idrp^jj —T^ fY : {T^MY (TxMY is an endomorphism of the one- 
point compactification of TxM . 
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Proof. The proof is analogous to the proof of the orbifold Lefschetz fixed 
point theorem [LR03, Theorem 2.1]. We apply the construction from that 
proof to the M^-equivariant map / : M ^ M. We obtain a VF-equivariant 
map /' such that Fix(/) = Fix(/'), the map /' is of the desired form around 
the fixed points and agrees with / outside a neighborhood of the fixed points. 
The desired form is that exp~|-^ of o exp^, and /' agree on D^TxM for 

some e > and for all x e Fix(/). Here exp^^: D^T^M — > Nx^e denotes 
the exponential map. 

We lift this construction to M and the 0-twisted endomorphism f : M ^ 
M by extending (^-twisted G-equivariantly: Let z be a lift of a fixed point x, 
then f{z) = az ■ z with S vr, and we set f'lu^ '■= oiz • V'/V"^ ^ 
neighborhood of z that is isomorphic to a neighborhood of x via the iso- 
morphism ip: Uz — > Ux coming from the covering map. Around another lift 
P ■ z, we set f'lufj^ '■= <t>W) ■ f'\Uz ■ /?~^ on a neighborhood of I5z. (Note that 
«/32 = 4>{I3) ■ Oiz ■ ■) We obtain a (/)-twisted map f':M—>-M such that 
Fix(/) = Fix(/'), the map /' is of the desired form around the orbits of the 
fixed points, and it agrees with / outside a neighborhood of the orbits of 
the fixed points. 

Analogously, we lift further constructions such as the M^-equivariant tri- 
angulations K'{M), K"{M) and the VF-homotopy h from / to /ii. The 
construction of K"{AI) can be done such that there is at most one fixed 
point X of hi in each e € K"{M). We denote hi again by /. Then 

I inc(/, e) • if there is a fixed point x € e 
^"^^^^'^) = \0 else. 

Here for a basepoint y of M, a path v from y to f{y) and a morphism 
((T, [i]): y —>■ X from y to a; we set := vf{t~'^)t. The direction of v 
corresponds to our usual convention that w = (id, [v]) E Mor(/(y), y). Note 
that does not depend on the choice of {a, [t]) because of Lemma 5.2. We 
see that \Ge\ = \We\ because vr operates freely. So using the construction 
of [LR03, proof of Theorem 2.1] applied to the M^-equivariant map /, where 
{xi, . . . , Xk} is a complete set of representatives of VF-orbits of fixed points 
of /, we obtain 

L^^{f)=L^^ihi) = Y^i-ir E lGe|-^inc,(/,e) 

p>0 G-e£G\Ip{K"(M)) 

P>0 W-e&W\IpiK"(M)) 
k 

= Y,\Wxr' deg{{id -Txjy) -o^ 

i=l 

J2 \Wx\-' -degiiid -TxJr)-cy^. □ 

We have assembled all inibrma^iorL'^ilecessary for the proof of the refined 
equivariant Lefschetz fixed point theorem. 

Theorem 0.2. Let G be a discrete group, let M be a cocompact proper 
smooth G-manifold and let f:M^M be a G-equivariant endomorphism 
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such that Fix(/) fi dA4 = and such that for every x G Fix(/) the determi- 
nant of the map (idr^M —T^f) is different from zero. Then 

>^G{f) = \%V)- 
Proof. Using Lemma 6.4, Theorem 6.6 and Lemma 6.5 we have 
chG(M,/)(AG(/))^ 

^ \{WKy).x\~^ deg{^{idT^MK{y)-Tx{f\MK{y))y^ -a^ 

WKyXG 

WKy\Fi.U\,jKf^y)) 

= chG{M,f){X^S%f))_ 

for all y € Is n(G, X). By injectivity of chG'(Af , /), shown in Lemma 6.3, we 
obtain the refined equivariant Lefschetz fixed point theorem. □ 

From the fact that the units of the Burnside ring A{K) are only {1, —1} 
if is a finite group of odd order [tD79, Proposition 1.5.1], we obtain in 
analogy to [LR03, Example 4.7] the following example. 

Example 6.7. Let G be a discrete group and let M be a cocompact proper 
smooth G-manifold. Suppose that all isotropy groups Gx of points x £ M 
are of odd order. Let /: M — M be a smooth G-equivariant map such that 
Fix(/) n dM = and such that for every x € Fix(/) the determinant of the 
map (idTj.M —Txf) is different from zero. Then 

Woc..^ V det(l-r.(/):T.(M)^T,.(M)) _ 

c..c^ix(/)|d«t(l-T.(/):T.(M)^T.(M))| ' 

where for an isomorphism (cr, [t]) E Mor(2;,rE) and a path w = (id, [f]) € 
Mor(/(2;), z) we have ax = vf{t-^)t G 'L-ki{X^-{z),z)^, . 
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